Binary Tree

Insert a left child to a node. If the node already has a left child, return error. 
Alg insertLeft(v, e)
	Input: node v in a binary tree and entry e
	Output: a node containing e is inserted as the left child of v, the new node is returned.

1. If v.left != null return error
2. w  new node (e)
3. v.left  w
4. w.parent  v
5. return w;

Remove a node v from a binary tree. If node v has both left and right children, return error. If node v does not have any child, remove it. Otherwise replace the subtree rooted at node v with v’s left subtree or right subtree.  
Alg remove(v)
	Input: node v
	Output: node v removed from the tree if v has at most one child
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if v.left != null and v.right!=null then 
return error

w  null;
if v.left != null then
w  v.left
else if v.right != null 
w  v.right;

if v = root then
root = w;
else
if v.parent.left = v then 
v.parent.left  w
else
v.parent.right  w

if w != null then
w.parent  v.parent;
return v.element(); 	



Binary Search Tree

Use recursive call to find the node 
Alg TreeSearch(v,k)
	Input: node v in a binary search tree and search key k
	Output: return the node whose key is k, otherwise return the external node where the key would have been stored.

	if v.isExternal return v
	if v.key < k then return TreeSearch (v.right, k)
	if v.key > k then return TreeSearch (v.left, k)
	return v

Use iterative loop to find the node 
Alg TreeSearch(v,k)
	Input: node v in a binary search tree and search key k
	Output: return the node whose key is k, otherwise return the external node where the key would have been stored.

	while v.isInternal  do
		if v.key<k then v  v.right
		if v.key>k then v  v.left
		if v.key = k then return v
	return v

Alg TreeInsert(k, v)
	Input: entry (k,v) to be inserted into a binary search tree (do not allow duplicates)
	Output: if k does not exist, a new node is created to hold entry(k,v) and returns the newly created node. Otherwise return null

	w  TreeSearch(T.root, k);
	if w.isInternal do
		w.element.setValue(v)
		return null
	else 	
	w.element  new entry(k,v)
	T.insertLeft(w,null);
	T.insertRight(w,null);
		return w;

For binary search tree, any given external node V can be removed by calling remove(V), after v is being removed, then V’s parent has at most one child, therefore, it can then be removed by calling remove(v.parent) method again.

Alg BinarySearchTreeRemoveExternal(v)
	input: external node v
	output: remove v and its parent

	if v.isInternal return error
T.parentOfRemovedNode = v.parent.parent;
	T.remove(v)
	T.remove(v.parent)
	

Remove any given internal node v in a binary search tree is a little more complex. 
· If node v has an external child, then v and it’s external child can be removed at the same time by calling BinarySearchTreeRemoveExternal(v’s external child). 
· If node v has no external child, we need to first find the successor of node v , swap it’s element with v, then remove the successor node along with it’s external left child.

Alg BinarySearchTreeRemove(v)
	input: node v
	output: v’s element is removed from the tree

	old  v.element
	if v.left.isExternal then 
BinarySearchTreeRemoveExternal(v.left)
	else if v.right.isExternal then 
BinarySearchTreeRemoveExternal(v.right)
else 
	w  v.right
	while w.isInternal do
		w  w.left

	v.element  w.parent.element
	v.element.position v 

	BinarySearchTreeRemoveExternal(w);
return old;

AVL

The AVL tree node needs to maintain the height besides the element, parent, left and right child pointers. 

Assume that the heights of node z’s left subtree and right subtree are given, calculate the height of node z.

Alg setHeight(z)
	input: heights of z’s children 
	output: z’s height

	if z.isExternal then 
z.height = 0
else
		z.height  max(z.left.height, z.right.height) +1;

For tree rooted at Z, if the difference of the height of its left subtree and its right subtree is less or equal 1, then the tree is balanced.

Alg isBalanced(z)
	input: node z
	output: return true if z is balanced, false otherwise

	diff   abs(z.left.height – z.right.height) 
if diff <=1 then
	return true
else 
	return false






After remove or insert with the remove/insert method of binary search tree, the balance of the tree may no long hold. The balance check will need to start from the first (deepest) node whose height is potentially changed. If a node is not balanced, the reconstruct operations need to be performed. After the node is balanced, if the node’s height is the NOT same as it was before the remove/insert operation, then the parent of the node may be still not balanced. This rebalancing can continue until the root of tree. 
Alg rebalance(z)
	input: z is a node whose height has been changed due to insert or delete under z. For delete, z is the parent of the deleted node – z could be null. For insert, z is the internal node containing the new element. 
	output: z’s ascendants are all balanced.

while z != null do
	oldHeight z.height;

z.setHeight();
	if  !  isBalanced(z) then
		z  reconstruct(z);
		z.left.setHeight();
		z.right.setHeight();
		z.setHeight();

             newHeight z.height;
	if newHeight= oldHeight then
		break;

z  z.parent;
	



Alg reconstruct(z)
	input: z’s children are balanced tree, but z is not.
	output: the subtree rooted as z is balanced, return the new root of the subtree

p z.parent;

	if z.left.height > z.right.height then
		y  z.left
	else 
		y  z.right

	if y.left.height > y.right.height
		x  y.left
	else 
		x  y.right

	if z.right= y and y.right =x then
		a=z; b=y; c=x;
		t0=a.left; t1=b.left; t2=c.left; t3=c.right
	else if  z.left=y and y.left =x then
		a=x; b=y; c=z
		t0=a.left; t1=a.rigth; t2=b.right; t3=c.right
	else if z.right=y and y.left=x then
		a=z; b=x; c=y;
		t0=a.left; t1=b.left; c2=b.right; t3=c.right
	else if z.left=y and y.right =x then
		a=y; b=x; c=z;
		t0=a.left; t1=b.left; t2=b.right; t3=c.right
	
	b.left  a; b.right  c;  a.parent b; c.parent  b
	a.leftt0; a.rightt1; t0.parenta; t1.parenta
	c.leftt2; c.rightt3; t2.parentc; t3.parentc
	b.parent p;
	
	if  p = null then
		tree.root  b
	else
		if  p.left = z then 
p.left  b
		else 
p.right  b
	return b


Agl AVL_insert(k,v)
	input: a AVL tree and entry (k,v) to be inserted
	output: entry(k,v) is inserted into a new node of the AVL tree, return element that is inserted. 

	wT.TreeInsert(k,v);
	if  w != null then 
	e  w.element();
	e.positionw;
	rebalance(w);
	return e;
else 
	return null


Alg AVL_remove(k)
	input: AVL tree T and a key value k
	output: remove a node whose key is K

	n  TreeSearch(T.root,k)
[bookmark: _GoBack]	if n.isExternal return null
	if n.left.isExternal or n.right.isExternal then
		wn.parent
	else
		wn.right;
		while w.left.isInternal do
			ww.left
	BinarySearchTreeRemove(n);
	rebalance(w);

Alg AVL_remove(k)
	input: AVL tree T and a key value k
	output: remove a node whose key is K

	n  TreeSearch(T.root,k)
if n.isExternal return null

	BinarySearchTreeRemove(n);
	rebalance(tree.parentOfRemoveNode);
